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ADDITIVE WEIGHTED Lp ESTIMATES OF
SOME CLASSES OF INTEGRAL OPERATORS
INVOLVING GENERALIZED OINAROV KERNELS
A. M. ABYLAYEVA, A. O. BAIARYSTANOV, L.-E. PERSSON AND P. WALL
(Communicated by R. Oinarov)
Abstract. Inequalities of the form
‖uK f‖q  C (‖ρ f‖p +‖vH f‖p) , f  0,
are considered, where K is an integral operator of Volterra type and H is the Hardy operator.
Under some assumptions on the kernel K we give necessary and sufficient conditions for such
an inequality to hold.
1. Introduction
Let I = (0,+∞) , 1  p,q < ∞ . Let u(·) , v(·) and ρ(·) be weighted functions, i.e.
positive measurable functions on I . Let K + , K − , H+ and H− be integral operators
of the form
K + f (x) =
x∫
0




H+ f (x) =
x∫
0
f (s)ds, H− f (x) =
∞∫
x
f (s)ds, x > 0,
where K(x,s)  0 as x  s  0.









Inequalities of the form
‖uH f‖q  C‖v f‖p , (1.1)
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where H is some of the operators H+ , H− , K+ and K− are called Hardy type inequal-
ities in the literature. For the standard Hardy operators H+ and H− almost everything
is nowadays known, see e.g. the books [4], [5], [12] and [3] and the references given
there. However, for the case with a general positive kernel k(x,y) a characterization of
the weights so that (1.1) holds for K+ or K− is a long standing open question. How-
ever, for some kernels and parameters the answer of this open question is known. The
most typical such example is when k(x,y) is a so called Oinarov kernel (in particular
satisfying (1.4) below) and when 1 < p  q < ∞ or 0 < q < p < ∞ , p  1. See espe-
cially Chapter 2 in [4] and the references therein. Later on R.Oinarov [9] generalized
such results to cover also the case with so called generalized Oinarov conditions, for
definitions and some of these results see Section 2.
In this paper we consider the following more general additive weighted inequali-
ties
‖uK + f‖q  C
(‖ρ f‖p +‖vH+ f‖p) , f  0, (1.2)
and
‖uK − f‖q  C
(‖ρ f‖p +‖vH− f‖p) , f  0. (1.3)
In particular, our results give new information related to the open question mentioned
above.
Inequalities of the form (1.2)–(1.3) were considered in [6, 7, 10, 11, 8]. In [8]
the inequalities (1.2)–(1.3) have been studied assuming that the kernels K(·, ·) of the
operators K + , K − satisfy “Oinarov’s condition”, i.e., that there exist a number d  1
such that the relation
d−1 (K(x,t)+K(t,s))  K(x,s)  d (K(x, t)+K(t,s)) (1.4)
holds for x  t  s > 0.
In this paper we study the inequalities (1.2)–(1.3) when the kernels of the operators
K + and K − satisfy weaker conditions than the conditions (1.4), namely, we assume
that the kernels of the operators K + and K − belong to the classes O+n , O−n , n  0,
respectively, which was first introduced in [9]. (for definitions see Section 2)
This paper is organized as follows: In Section 3 we present our main results with
proofs. In order not to disturb our presentations we present some Preliminaries of
independent interest in Section 2.
Conventions: If A and B are functionals, then A B means that there exist a con-
stant C > 0 independent of the arguments of the functionals A and B and the inequality
A  CB holds. In the case A  B  A we write A ≈ B .
2. Preliminaries
In [9] the classes O+n and O
−
n of the kernels of the form K
+ , K − are defined
for each n  0. We agree to write K(·, ·) ≡ K±n (·, ·) , if K(·, ·) ∈ O±n .
Let K+(·, ·) and K−(·, ·) be nonnegative measurable functions in Ω = {(x,s) :
x  s  0} and besides the function K+(·, ·) is non-decreasing in the first argument and
K−(·, ·) is non-increasing in the second argument.
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We say that the function K(·, ·) ≡ K±0 (·, ·) belongs to the class O±0 (Ω) if only if
K+0 (x,s) = v(s)  0, K−0 (x,s) = u(x)  0 for all (x,s) ∈ Ω .
The classes O±n , n = 1,2, . . . are defined recursively as follows: Let the classes
O±i (Ω) , i = 0,1, . . . ,n− 1, n  1 be defined. Then K(·, ·) ≡ Kn(·, ·) ∈ O±n (Ω) if and















when 0 < s  t  x < ∞ and K±n,n(·, ·) ≡ 1, where the functions K+n,i(·, ·) , K−i,n(·, ·) ,
i = 0,1, . . . ,n− 1, generally speaking, are arbitrary nonnegative measurable functions
defined on Ω , satisfying the conditions (2.1) or (2.2), respectively. In fact, these func-








, i = 0,1, . . . ,n−1.
From (2.1) and (2.2) we have for n = 1 that the functions K+1 (·, ·) , K−1 (·, ·) belong to
the classes O+1 , O
−
1 , respectively, if there exist functions v1  0 and u1  0 such that
K+1 (x,s) ≈ K+1,0(x,t)v1(s)+K+1 (t,s),
K−1 (x,s) ≈ K−1 (x,t)+K−0,1(t,s)u1(x),
respectively, for all x  t  s > 0.
In particular, we note that each function, satisfying the condition (1.4), belong to
O+1 and O
−




1 need not to satisfy the condition
(1.4). For example, the functions K+1 (x,s) = x
β − (x− s)β and K+1 (x,s) = lnγ (x+1)
β
s ,
x  s > 0, γ > 0, β > 1, do not satisfy the condition (1.4). However, they belong to
the class O+1 (Ω) since










, x  t  s > 0.
Consider the inequality (1.1) with H = K+ or H = K− , i.e.
‖uK f‖q  C‖v f‖p, (2.3)
where K is one of the operators K + or K − . The following Theorems were proved
in [9]:
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THEOREM A+ . Let 1 < p  q < ∞ and the kernel of the operator K + belong to
the class O+n (Ω) , n  0 . Then the inequality (2.3) holds for the operator K + if and




































holds and for the best constant C > 0 in (2.3) holds the relation A+1 ≈C ≈ A+2 .
THEOREM A− . Let 1 < p  q < ∞ and the kernel of the operator K − belongs
to the class O−n (Ω) , n  0 . Then the inequality (2.3) holds for the operator K − if




































holds and A−1 ≈C ≈ A−2 , where C > 0 is the best constant from (2.3).














































The following result was proved in [8]:
THEOREM B+ . Let 1 < p < ∞ , g is a nonnegative non-increasing function and
the functions ρ , v satisfy the conditions ρ−1 ∈ Llocp′ (I) , v∈ Lp(t,∞) , t > 0 , and ϕ(0) =



















where ϕ(0) = lim
x→0
ϕ(x) .
Also the next result was formulated in [8]:
THEOREM B− . Let 1 < p < ∞ , g is a nonnegative non-decreasing function and
the functions ρ , v satisfy the conditions ρ−1 ∈ Llocp′ (I) , v ∈ Lp(t,∞) , ∀t > 0 , and
















where ψ(∞) = lim
x→∞ ψ(x) .
REMARK. The assertion in Theorem B− was given without proof in [8]. How-
ever, this result is crucial for the proof of one of our main result so for completeness
we present a proof also of Theorem B− as a part of our main results given in the next
Section.
3. The main results
Our first main result reads:
THEOREM 3.1. Let 1 < p  q < ∞ , ϕ(0) = 0 , ρ−1 ∈ Llocp′ (I) , v∈ Lp(0,t) , t > 0 ,
and the kernel of the operator K + belongs to the class O−n (Ω) , n  0 . Then the





































holds. Moreover, for the sharp constant C > 0 in (1.2) it holds that E+1 ≈ E+2 ≈C.
The corresponding main result for the operator K − reads:
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THEOREM 3.2. Let 1 < p  q < ∞ , ψ(∞) = 0 , ρ−1 ∈ Llocp′ (I) , v ∈ Lp(t,∞) ,
t > 0 , and the kernel of the operator K − belongs to the class O+n (Ω) , n  0 . Then





































holds. In this case E−1 ≈ E−2 ≈C, where C > 0 is the sharp constant in (1.3).
We will begin by proving Theorem 3.2. However, since this proof heavily depends
on the (unproved) Theorem B− we first prove this Theorem.










 (‖ρ f‖p +‖vH− f‖p) , f  0 (3.1)
and
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, f  0,
(3.4)
holds for all functions g , which are non-negative and non-decreasing.































This estimate combined with (3.3) implies (2.5). And now we prove (3.1). First,
we note that by definition ψ is a non-increasing function. Let f  0 and k∈ Z . Assume
that Tk = {x ∈ I :
∞∫
x
f (s)ds  2−k} , xk = infTk , if Tk = 0 and xk = ∞ , if Tk = ∅ . Let
Z0 = {k ∈ Z : xk < ∞} . From the definition xk it follows that 2−(k+1) 
∞∫
x
f (s)ds  2−k
for xk  x  xk+1 , k ∈ Z0 ,
xk+1∫
xk

























































































:= I1 + I2. (3.5)
We estimate I1 and I2 separately.








































































This inequality together with (3.5) and (3.6) implies (3.1).
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We note that 0 < ψ p′(x)−ψ p′(z)  2
z∫
x


























ρ p(z)  ψ−1(z)
∣∣∣∣dψdz
∣∣∣∣1−p a.e. z ∈ I. (3.7)





















































By combining (3.8) and (3.9) we get (3.2). Theorem B− is proved. 
Proof of Theorem 3.2. Let C > 0 be the sharp constant in (1.3). Then, by using









guK − f ds










‖ρ f‖p +‖vH− f‖p .
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Hence, by using the fact that the function (K +gu)(x) is non-decreasing we can apply



























, g  0,















, g  0, (3.10)
and C ≈ C̃ .
The inequality (3.10) is the inequality of the form (2.3). Since 1 < p  q < ∞
implies that 1 < q′  p′ < ∞ , then applying Theorem A+ to the inequality (3.10), we

































= E−2 < ∞
holds and, moreover, C̃ ≈ E−1 ≈ E−2 . But C ≈ C̃ and, thus, also C ≈ E−1 ≈ E−2 . The
proof is complete. 
Proof of Theorem 3.1. The proof is similar to that of Theorem 3.2 so we omit the
details. We only remark that in this case we use Theorem B+ and Theorem A− instead
of Theorem B− and Theorem A+ , respectively.
Finally, we will consider the case p = 1. In this case for f  0 we have
‖ρ f‖1 +‖vH+ f‖1 =
∞∫
0


































‖ρ f‖1 +‖vH− f‖1 =
∞∫
0






















Therefore, in the case p = 1 the inequalities (1.2) and (1.3) have the forms
‖uK + f‖q  C+‖w+ f‖1, f  0, (3.11)
‖uK − f‖q  C−‖w− f‖1, f  0, (3.12)
respectively, i.e. the problem in this case reduces to the problem boundedness of the
operators K + , K − from L1,w± to Lq,u . 
Thus, on the basis of Theorem 4 of Chapter XI from [2], we have the following:
PROPOSITION 3.1. Let p = 1 and 1  q < ∞ . Then the inequalities (1.2) and






























hold, respectively. Moreover, for the best constant C in (1.2) and (1.3), it yields that
C+ ≈C and C− ≈C, respectively.
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